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SECTION  I 


INTRODUCTION 


The  primary  function  of  precision  approach  radars  Is  the  detection 
and  tracking  of  landing  aircraft  during  final  approach,  oftentimes 
In  the  presence  '>f  heavy  rainfall  clutter.  Because  the  operation  of 
such  radars  has  been  restricted  to  X-Band  and  because  the  radar  cross 
section  of  rain  Is  an  Increasing  function  of  frequency,  techniques 
for  discrimination  of  aircraft  from  rain  clutter  are  of  major  concern 
to  the  system  design  process.  Available  discrimination  techniques 
are  (1)  the  use  of  circular  polarization,  (2)  the  use  of  high  range 
resolution,  and  (3)  the  use  of  Doppler  resolution  or  MTI.  For  example, 
the  AN/TPN-19  PAR  uses  a combination  of  all  three,  each  contributing 
toward  the  whole.  However,  this  design  approach  has  proved  costly. 
Currently,  the  AN/GPN-XX  PAR  program  Is  considering  approaches  of 
lower  cost  potential. 

In  order  to  provide  an  enlarged  technical  data  base  applicable 
to  the  AN/GPN-XX  program.  Project  7080  entitled  Aircraft  Detection 
in  Rain  was  conducted  in  Fiscal  Year  1974  for  the  Electronic  Systems 
Division,  USAF,  by  the  MITRE  Corporation.  This  project  embraced  three 
specific  tasks:  (1)  the  experimental  measurement  of  the  depolarization 

of  circular  polarization  by  rain  at  X-Bard,  (2)  the  Investigation  of 
a linearly  polarized,  low  cost,  electronically  scanned  antenna,  and 
(3)  the  application  of  digital  filtering  techniques  to  the  discrimination 
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, 

» 
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jf  rain  clutter  through  Doppler  resolution  of  target  and  clutter.  As 
a result  of  a review  of  this  project  by  the  Rome  Air  Development 
Center  in  its  early  stages,  the  application  of  effort  applied  to  the 
depolarization  measurements  was  emphasized  and  that  applied  to  the 
antenna  and  digital  filtering  tasks  were  diminished. 

This  report  presents  the  results  of  the  low  cost  antenna  study. 

The  results  of  the  stud;,  of  circular  polarization  degradation  are 
given  in  Reference  1 and  those  of  the  digital  filtering  study  are 
given  in  Reference  2.  The  principal  conclusions  of  this  study  are 
that  a low  cost  limited  scan  antenna  of  the  linearly  polarized,  fre- 
quency-phase scan  type  using  slotted  waveguide  near  cut-off  appears 
feasible  and  that  its  use  in  conjunction  with  the  digital  filtering 
techniques  of  Reference  2 could  possess  significant  potential  for  a 
low  cost  system  design.  The  degradation  data  of  Reference  1 on  the 
other  hand  should  be  useful  to  system  design  concepts  which  utilize 
circular  polarization  inasmuch  as  very  little  data  of  this  kind  is 
a\ ailable. 

The  low  cost  antenna  study  of  this  report  begins  with  a brief 
description  of  the  AN/TPN-19  antenna  design  and  then  considers  alter- 
natives having  limited  angular  scan  capabilities.  Among  these,  the 
concept  of  frequency  scan  in  elevation  using  the  inherent  dispersion 
of  slotted  waveguide  near  cut-off  is  analyzed  with  respect  to  the  effect 
of  waveguide  dimensional  errors  on  the  formation  of  the  frequency 
scanned  beam.  Such  an  antenna  could  utilize  phase  shifters  for  azimuth 


scan. 
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The  AN/TPN-19  xs  an  electronically  scanned  X-Band,  narrow  beam, 
limited  scan,  radar  system  designed  for  application  as  an  aircraft 
precision  approach  radar  (PAR) . The  narrow  beamwldth  requirement 
(1.4*  in  azimuth  and  0.75*  in  elevation)  would  normally  result  in  a 
large  antenna,  with  many  elements  and  phase  shifters,  which  in  general 
would  drive  the  cost  unacceptably  high.  The  limited  scan  requirement, 
on  the  other  hand,  does  allow  antenna  approaches  which  can  result  in 
cost  saving  features. 

f31 

The  present  AN/TP14-19  antenna  design^  ^ is  made  up  of  an  array- 
reflector  combination.  The  narrow  beamwldth  is  accomplished  by  a 
large  effective  aperture  par-Loloidal  reflector  steered  by  a much 
smaller  planar  phased  array.  The  basic  antenna  geometry  is  shovm  in 
Figure  1.  The  feed  horn,  shown  at  point  S,  radiates  energy  toward  a 
reflect  array  lens  centered  at  point  L.  This  lens  consists  of  a 
planar  array  of  ;-lck  up  horns  terminated  ii-.  an  electronic  phase  shifter. 
This  intermediate  lens  reradlates  the  energy  with  proper  phasing  toward 
the  parabaloldal  reflector.  The  phasing  at  the  surface  of  the  para- 
bollold  can  be  produced  such  that  a pencil  beam  is  generated  in  a 
predetermined  direction  within  the  required  scan  volume. 

While  theoretically  sound,  this  approach  has  resulted  in  a rela- 
tively high  cost  design.  Several  alternatives  have,  therefore,  been 
under  investigation  during  the  past  year  in  the  limited  scan  array 
area. 
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The  large  majority  of  work  In  this  area  Is  associated,  either 

directly,  or  via  subcontract  with  the  Air  Force  Cambridge  Research 

Laboratories  (AFCRL) . In  one  phase  of  this  work  an  attempt  to  Improve 

the  AN/TPN-19  antenna  concept  has  been  under  study  of  AFCRL.  This 

work  being  carried  out  by  A.  Schell  Is  an  Investigation  aimed  at  a 

more  optimum  choice  of  the  AN/TPN-19  antenna  parameters.  To  this  end 

a systematic  study  of  reflector  shape,  array  shape  and  the  general 

antenna  geometry  has  been  done.  Partial  results  were  presented  at 

F41 

the  1973  PGAP  Antenna  Symposium^  \ 

In  another  study  being  carried  out  at  AFCRL,  R.  Mallloux  has  been 
considering  a planar  phased  array  using  large  (4X),  widely  spaced 
elements.  The  principal  problem  In  this  design  Is  suppression  of  the 
resulting  grating  lobes.  The  generation  of  odd  modes  has  been  success- 
ful In  canceling  the  dominant  E-plane  grating  lobe.  The  results  of 
this  work  was  reported  at  the  1973  PGAP^^^  as  well  as  In  Reference  6. 

An  AFCRL  subcontract  with  Raytheon  has  resulted  In  a dual  lens 
antenna  concept.  This  design  consists  of  three  antenna  components: 
an  aperture  lens,  a focal  field  matching  lens  and  a phased  array  feed 
(see  Figure  2) . This  results  of  an  experimental  program  using  this 
design  Is  given  In  Reference  7. 

The  study  here  at  MITRE  and  the  subject  of  this  paper  deals  with 
the  application  of  a frequency  scanned  array.  In  the  elevation  plane, 
using  slotted  waveguide.  The  unique  feature  is  that  high  scan  sensi- 
tivity is  achieved  by  operating  near  the  dominant  mode  cutoff  and. 
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therefore,  making  use  of  the  highly  non-llnear  waveguide  propagation 
characteristics  In  this  region. 

In  the  sections  which  follow  the  general  array  relationships  are 
developed.  Scan  sensitivity  and  waveguide  losses  are  examined.  The 
sensitivity  of  the  design  with  respect  to  waveguide  parameters  In- 
creases the  significance  of  design  tolerances.  As  a result,  the 
emphasis  of  the  remainder  of  the  paper  Is  related  to  a theoretical 
analysis  on  the  effects  of  random  errors. 

In  particular,  the  effect  of  errors  on  the  antenna  radiation 
pattern,  beamwldth  and  pointing  accuracy  Is  presented.  As  a supple- 
ment to  this  analysis  a discussion  of  error  sources  Is  given. 
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SECTION  II 

FREQUENCY  SCAN  ANTENNA 


The  antenna  configuration  under  investigation  is  a section  of 
rectangular  waveguide,  terminated  at  one  end  by  a matched  absorber 
and  fed  by  a matched,  frequency  swept,  generator.  Radiating  slots  are 
cut  in  the  narrow  wall  of  the  waveguide  and  their  coupling  adjusted 
to  provide  a predetermined  amplitt  2 distribution  over  the  slots. 

The  basic  i gradients  of  this  configuration  are  presented  in  Figure  3. 

In  Figure  3 are  shown  N + 1 slots  separated  by  a distance  d,  for 
which  the  radiation  pattern  is  given  by  the  expression; 

; 

j 

i 

i 

i 

m 

where, 

A^(e,(j))  = element  pattern 

j = complex  amplitude  at  the  m^^  element 

m 

k = -^  = free  space  wave  number 

We  assume  that  the  element  pattern  (i.e.,  slot  radiation  pattern) 
is  independent  of  m and  set  A^(6,(^)  = A^(6,(ji).  Furthermore,  the 
element  phase  is  determined  by,  k , the  wavenumber  in  the  guide  and  can 
be  expressed  as 


E(e,4i) 


N/2 


jmkd8in6cos(p 


' -N/2 


(1) 


a = mk  d. 
m g 
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(2) 


Defining  the  array  factor  as  f(0,(^)  we  can  express  Equation  (1) 
in  the  form: 


f(0,«)  = 


N/2 


m = -N/2 


T -jmk  d 
i e K 

m ® 


jmkdsin0cos(|> 


(3) 


From  Equation  (3),  the  pointing  angle  (direction  of  the  main 
beam)  is  given  by  the  principal  maximum  in  the  radiation  pattern.  This 
occurs  when  each  term  of  the  sum  adds  in  phase,  i.e.,  when 


m kdsin0cos(J)  - Jiik^d  = + 2Ntt 


(A) 


where  N = 0,  1,  2 . . . 


We  restrict  our  attention  to  the  lowest  order  beam  maximum  (N=0) 


and  the  4>=0  plane  which  reduces  equation  (4)  to: 


sin0  = 7^ 
k 


(5) 


The  guide  wave  number,  k = 2tt/^  , refers  to  the  dominant  mode  in 

g S 

rectangular  waveguide  and  is  given  by 


k = k 
g 


[l  - (X/X^ 


ll/2 


(6) 


For  the  rectangular  guide  being  considered  the  cutoff  wavelength, 
is  twice  the  large  cross  section  dimension  of  the  waveguide  ("a"  in 
Figure  3) . With  this  substitution  equation  5 and  6 provides  the  basic 


scan  equation. 
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e - cor^(^)  0 < 6 < 1./2 

From  equation  (7)  we  see  the  Inherent  utility  of  operating 
near  cutoff  for  narrow  scan  application.  Away  fron  cutoff,  where 
X/2a  is  <<  1,  equation  (7)  shows  that  the  scan  angle  changes  linearly 
with  X according  to  the  formula: 

0 « /2  - /2a 

On  the  other  hand  near  cutoff,  X/2assl,  equation  (7)  takes  on  the  non- 
linear form; 


e = ti  - (*A)'l 

(9) 

The  highly  non-linear  properties  of  the  scanning  equation  near  cutoff 
is  better  demonstra  :^:d  by  considering  the  sensitivity  relation  d0/dX 
given  by  Equation  (10) • 


^ ^ 1 

2all  -(/2a)V^2 

(10) 

We  note  that  as  we  approach  cutoff  this  derivative  becomes  infinite. 

Figure  4 presents  the  basic  scan  parameters.  It  is  assumed  that 
the  radiation  pattern  is  scanned  symmetrically  by  an  amount  a about 
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a central  angle  6^.  With  reference  to  array  broadside,  the  beam  Is, 
therefore,  scanned  between  angles  and  62  (corresponding  to  0^  + a) 
at  frequencies  associated  with  the  wavelengths  and  X„.  Utilizing 
equation  (7)  for  these  two  wavelengths  It  Is  seen  that: 


cos  (t  + a)  * X-/2a 

O L 

cos  (6  - a)  = \-l2a. 


(11) 


When  the  relationships  in  Equation  (11)  are  combined  we  get  the  result 


tan9 

o 


^2-^1 
X2  + X^ 


etna 


(12) 


In  general  it  is  desirable  to  scan  near  array  broadside  (6^  near 

zero)  so  that  moat  of  the  full  aperture  area  is  utilized  in  forming 

the  narrowest  beam  for  all  scan  angles.  It  is  seen  from  Equation  (12) 

that  a small  central  angle,  0 , corresponds  to  a narrow  operating 

o 

bandwidth.  This  i'.  turn  produces  a large  scan  sensitivity,  d0/dX, 
which  results  in  the  desired  scanning  range  (0^^  - 02)  = 2a. 

These  results  are  best  indicated  by  expressing  Equation  (12)  in 
terms  of  required  bandwidth  (BW).  If  we  define  f^,  as  the  cutoff 
frequency  of  the  waveguide  under  consideration  we  get  the  transcen- 
datal  equation 


cosOj^  - COS02 
cos9^  cos92 


(13) 
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Equation  (13)  Is  presented  graphically  In  Figure  5.  We  see  In 

this  figure  that  In  general,  restricting  the  bandwidth  results  In  a 

frequency  operating  range  nearer  to  cutoff;  how  close  to  cutoff  Is 

determined  by  the  extent  of  the  angular  scan  required.  A typical  case 

of  Interest  can  be  evaluated  for  standard  X-band  waveguide  with  cutoff 

frequency  f = 6.55678x10^  Hz  (X  = 4.572cm).  If  we  desire  + 4®  of 
c c — 

scan  with  a 200  MHz  bandwidth  we  find 

BaadwWthy'^  . 3 o5^„-2 

c 

and 

X./X  = 0.982 
1 c 


with  the  array  scanning  from  9®  to  17®. 

The  same  angular  scan  of  + 4®  but  with  a 400  MHz  bandwidth  results 
In 


BW 


'U 


6.10x10 


-2 


X^/X^  = 0.910 


and 


®2  ■ ®1 
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While  differences  in  results  for  the  two  assumed  bandwldths  are  not 
startling  the  question  of  how  close  to  cutoff  we  operate  has  subtle 
implications  (we  note  that  doubling  the  bandwidth  has  changed  the  ratio 
from  0.982  to  0.910). 

One  factor  to  consider  is  ohmic  losses  In  the  waveguide.  Standard 
formulas  for  dominant  mode  propagation  give  this^^^  as 


L (dB/meter)  = 8.686 


Ac 


2‘ 

(14) 


In  Equation  (14)  b and  a are  the  narrow  and  broadface  wall  dimensions, 

Is  the  surface  resistance  of  the  waveguide  material  with 

being  the  Impedance  of  free  space. 

Figure  6 shows  results  for  standard  X-band  waveguide  for  two  con- 
ducting materials  (for  this  waveguide  the  ratio  a/b  * 2.25).  In  general, 
we  see  that  ohmic  losses  are  small  (for  a moderate  length  array) . How- 
ever, beyond  the  "knee"  region  losses  Increase  rapidly  as  we  approach 
the  cutoff  wavelength.  For  silver  the  knee  occurs  at  X/Xc=s.99,  while 
for  brass  this  ratio  is  X/Xc=f.98.  It  would  appear,  for  most  materials, 
that  operating  below  X/Xc  of  0.99  is  desirable. 

Another  important  consideration  Is  the  sensitivity  of  scan  angle 
with  errors  In  the  prescribed  value  of  cutoff  wavelength.  In  general, 
the  waveguide  broadface  dimension,  which  determines  the  cutoff  wave- 
length, Is  toleranced  to  several  thousandths  of  an  Inch.  While  this 

tolerance  Is  adequate  when  operating  away  from  cutoff  the  situation  Is 
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not  as  clear  when  operating  near  cutoff.  It  Is  anticipated  that 
slight  changes  of  the  broadface,  from  Its  design  value,  can  result  in 
large  errors  in  scan  angle  when  operating  very  near  cutoff.  Using 
Equation  (7),  this  effect  can  be  analysed  by  considering  the  sensi- 
tivity equation: 

^ n/i-(Vx()^  (15) 

This  result  Is  plotted  in  Figure  7.  Once  again  we  see  highly 

^ dd0 

non-linear  effects  occurring  for  X/Xc  ^ 0.99  where  — r— -7  radians. 

da 

Expressed  In  terms  of  the  waveguide  we  have  been  considering  (a»2.28cm) 

^ = 3.1  radlans/cm 

_3 

or  about  a 0.5®  error  for  a 10  inch  error  in  broadface  dimension. 

This  result  Indicates  that  tolerance  In  the  broadface  waveguide  dimen- 
sion and,  therefore,  the  specification  of  cutoff  wavelength  is  likely 
to  have  a significant  effect  when  operating  near  cutoff. 

What  Is  also  raised  by  this  result  is  the  general  question  of  the 
effect  of  errors  and  tolerances  on  the  ultimate  performance  of  the 
frequency  scan  antenna  near  cutoff.  While  It  is  true  that  many  of  the 
errors  can  be  considered  as  fixed  biases  which  can  be  "tuned  out", 
there  does  exist  a class  of  errors  which  are  statistical  in  nature  which 
degrade  the  overall  antenna  performance.  It  is  this  class  which  we 
explore  in  the  following  Section. 
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SECTION  III 
STATISTICAL  ANALYSIS 

Our  analysis  of  the  frequency  scan  antenna  In  the  previous  Section 
has  shown  that  the  antenna  array  pattern  Is  expressible  In  the  form 


f(e.*) 


N/2 

L, 

m— N/2 


T 

I e m 


jmkdsln6cos4> 


m 


(16) 


The  quantity,  o^.  Is  the  element  phase  and  Is  given  by 

the  case  of  constant  element  spacing  d and  guide  wavenumber  k . 

S 

The  choice  of  element  amplitude  and  phase  (I^  and  ct^  respectively) 
Is  governed  by  the  antenna  sldelobe  requirement  (amplitude  taper)  and 
steering  requirements  of  the  antenna.  In  the  course  of  constructing 
the  antenna,  however,  design  criteria  cannot  always  be  exactly  met. 

These  Imperfections  In  turn  result  In  radiation  pattern  characteristics 
different  than  originally  desired. 

The  analysis  of  the  effect  of  errors  Is  best  handled  statistically. 
That  Is,  we  consider  a large  number  of  Identically  designed  antennas, 
constructed  to  within  given  tolerances.  A statistical  ensemble  results 
which  then  provides  Information  on  the  average  and  variance  of  the  re- 
sulting ensemble  patterns.  In  general.  If  tolerances  are  held  tightly 
the  variance  will  be  small  and  the  ensemble  of  antennas  will  produce 
radiation  patterns  which  are  all  very  close  to  the  desired  one. 
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A.  Average  Radiation  Pattern 


i 

i 

f 

!• 

r 


A statistical  analysis  of  the  antenna  radiation  pattern*  proceeds 
by  assuming  that  particular  quantities  In  the  sum  of  equation  (16) 
are  random  variables.  The  antenna  pattern  Itself  then  becomes  a 
function  of  random  variables.  We  will  assume  a large  number  of  such 
antennas,  each  described  by  equation  (16),  but  with  radiation  patterns 
which  vary  randomly  from  each  other.  The  average  antenna  pattern  will 
then  become  the  antenna  pattern  resulting  from  the  average  over  this 
ensemble. 

For  convenience,  we  rewrite  Equation  (16)  in  an  integral  form 
and  Introduce  the  random  error  quantities  as  Indicated. 

f(0,4.)  -f  A (x)e®^*^  e‘^J  5^g(xOdx^^jkxsin0cos*  (17) 

•'-L/2  ° '^'2 

Equation  (17)  has  been  written  for  a continuous  aperture  but  with  the 
following  assumption  applying  for  the  discrete  case: 


N/2 

A (X)  5 L 

° m“-N/2 


NsL/2d 


Also  in  Equation  (17)  B(x),  <Ji(x)  and  k (x)  are  assumed  to  be  random 

E 

functions  which  describe  the  errors  In  the  element  amplitude,  phase 


and  waveguide  number  respectively.  The  amplitude  error  is  defined 


such  that  A(x)  = A^(x)  e 


B(x) 


where  A^(x)  is  the  no  error  amplitude. 


* The  analysis  which  follows  is  based  upon  the  methods  and  assumptions 
used  in  Reference  8 where  closed  foimi  results  were  achieved  for  a 
unlformally  Illuminated  continuous  linear  array. 
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In  order  to  proceed,  the  various  error  terms  must  first  be 

modeled  by  suitable  probability  density  functions  (pdf's).  The  exact 

nature  of  the  pdf  describing  these  variables  Is  of  course  related  to 

the  many  sources  cf  errors  which  make  up  the  antenna  and  In  general 

are  unknown.  We  will  set  aside  an  analysis  of  error  sources  and  assume 

that  B(x),  ({i(x),  and  k (x)  are  normally  distributed  random  functions. 

S 

While  the  approximations  of  this  assumption  would  appear  to  be  diffi- 
cult to  substantiate  the  fact  that  a large  number  of  Independent 
random  error  sources  contribute  to  the  behavior  of  these  r<andom 

[9] 

functions  would  suggest  an  application  of  the  central  limit  theorem 
In  any  event  we  proceed  with  the  assumption  of  normal  distribu- 
tions and  define  the  means  and  variances  thusly 


B(x)  = B 


(Kx)  = 0 


k (x)  = k (no  error  wave  number) 


[B(x)  - 


2 2 


= cr, 


Ak  ^ = (k  (x)  - k )^  = 

8 8 So  ^g 


(18) 
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We  will  require  the  correlation  coefficients  \rtilch  are  defined  the 
usual  way  by: 


rg(jt,  = (B(x)  - [B(Xj^/  ~ 


r^(x,  x^) 


<Kx)  (KXj^) 


7 


(19) 


r (x,  X ) = 


Ak  (x)  Ak  (X  ) 

_JS 8.  -l- 

2 


and  the  cross-correlation  coefficients 


W’  *1^  " ^^*1^ 


(a  reasonable  assump- 
tion which  furthermore 
simplifies  the  re- 
sults which  follow) 


ii(*J  ~ 1 

kgB  1 kg<^ 


(x,  x^) 


In  all  of  the  above  definitions  it  is  understood  that  averaging 
is  done  over  the  ensemble  of  antennas  for  fixed  argument  "x".  In 
general,  therefore,  the  means  and  variances  will  be  functions  of  "x". 

The  farfleld  radiation  pattern  is  proportional  to  the  absolute 
magnitude  of  equation  (17)  and  is  given  by 


L/2 

|f(e,*)|^  - A^(x)A^(x^)  ®^*1^  i 

-L/2 

(20) 

*1 


where  <{i(9,(t)) 


- kslnOcos^ 


For  now,  what  we  are  really  Interested  in  is  the  average  antenna 
pattern  |f(9,<fr)p.  Two  factors  in  the  Integrand  must  be  considered 
for  this  averaging;  they  are: 


^B(x)  + B(x^)  + j[(Hx)  - .Kx^)]  (a) 


and 


Ak  (x^)dx^ 
g 


(21) 


(b) 
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A general  formula  for  normally  distributed  variables  which  can  be 


used  to  reduce  Equation  21(a)  tells  us  that: 


1 _ 1 ^ 


+ ^2»2  * “3*3  * “4*4 ' - e \?1  ' 2 £ "l“k*lk“l“k 


(22) 


Therefore,  the  average  pattern  takes  on  t.  a form: 


f(e,t) 


) e^®o  • e"2  *l\  e^  Akg(x^d:t' 


(23) 


X H0.<^)dxdx^ 


with  A(x,Xj^)  *•  2o^  - 20g  -20g  rg(x,x^^)  - 2a^ 


We  see  now  that  the  assumption  of  vanishing  cross-correlation 


coefficients,  g,  r has  allowed  us  to  explore  the  averages  in 


21(a)  and  21(b)  separately.  We  also  note  that  the  result  in  equation 
(23)  is  Independent  of  the  cross-correlation  term  which  we  have 
not  made  any  assumptions  about. 

In  the  context  of  the  statistical  modelling  employed  our  solution 

is  still  general.  At  this  point,  however,  we  can  relax  some  constraints. 

The  factor  A(x,  x^^),  in  general,  contains  variances  which  depend  on 

"x"  as  well  as  the  correlation  coefficients  r_(x,  x,)  and  r, (x,  x, ). 

D 1 q)  X 
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We  expect,  however,  that  the  element  (a  slot)  amplitude  and  phase 
errors  are  sufficiently  random  so  that  we  may  set  the  variances  to  a 
constant  and,  therefore,  remove  them  from  the  Integral. 


e^®o  °B  ■ A (x)A*(x  ) + e 

-L/2  ° ° ^ 


”b  * "I  '♦<’‘•*1’ 


e-*  •»  g 

X ® 


The  averaging  of  the  remaining  exponential  (equation  21(b)  Is 
once  again  simplified  for  the  case  of  a normally  distributed  variable. 
We  have 


. 1 Akg(x'')dx 

J Akg(x")dx  ^ g-  2 ^ 


with  the  additional  result 


-.*1  12  *1 

1 Akg(x'')dx'  Akg(x^^) Akg(x^)  dx'^dx'' 

.X  J X 


rk(X'',x^)dx'"dx^ 


g g 
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Substituting  this  result  into  Equation  (24)  provides: 


*"  2 2 

2 2B  + - o;^ 

= e o B 


L/2 

-L/2 


A . NA*.  N 

k(x)k  (X  ) e ^ ^ 

o 1 


(27) 


”2  °k  W (x'^.x^dx^dx'  -j(x-x.)t|;(e,4>) 


e g X g 


dxdx. 


Equation  (27)  reveals  several  interesting  features.  We  note  first 

that  distortion  of  the  mean  radiation  pattern  occurs  in  the  same  way  for 

2 2 

either  amplitude  or  phase  errors  since  o_,  r„  and  a.,  r,  are  Involved 

B D (p  9 

I 2 2l 

in  the  integral  in  the  identical  form.  The  factor  exp  2B  + - a, 

I o B 9l 

behaves  as  a scaling  factor.  Another  point  we  have  already  mentioned 
is  the  fact  that  our  result  is  independent  of  any  correlation  between 
amplitude  and  phase  errors  but  only  depends  on  the  correlation  coeffi- 
cients r_(x,  X.)  and  r.(x,  x,).  If  we  now  in  fact  consider  results 
B 1 $ 1 

when  only  weak  correlation  exists*  the  amplitude  and  phase  errors 
appear  in  the  integral  only  as  a multiplicative  factor. 


This  result  points  out  examples  cf  two  general  classes  of  statis- 
tical errors.  These  classes  are  referred  to  as  "local"  and  "nonlocal" 
errors.  Local  errors,  while  having  an  overall  effect  on  the  radiation 


*In  terms  of  a correlation  length,  p,  this  means  that  p » L. 
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pattern,  Is  an  error  which  Influences  the  characteristics  of  a single 
element  without  affecting  (at  least  to  first  order)  the  characteris- 
tics of  other  elements.  Generally  speaking  the  radiation  pattern 
effects  of  local  errors  Is  small  compared  to  the  effects  of  non-local 
errors.  The  non-local  error  Is  cumula.lve  and,  while  Its  source  can 
be  local,  has  effects  which  propagate  along  the  antenna.  It  Is  this 
class  which  Is  more  appropriate  to  the  travelling  w.we  type  antenna 
we  are  considering. 

In  Equation  (27)  the  local  errors  (In  the  uncorrelated  case) 
manifest  themselves  as  a factor  appearing  outside  the  Integral.  The 
non-local  error  which  in  this  example  Is  the  randomness  of  k , is  a 

o 

function  of  the  positions  "x”  and  "xj^"  along  the  antenna.  We  note 
for  example,  that  even  for  the  uncorrela'.ed  case  the  error  due  to 
randomness  in  wavenumber  is  proportional  to 

.-2\  (28) 

s 

2 

the  v'jmulative  nature  indicated  by  the  (x^^  - x)  factor. 

In  the  numerical  results  to  follow  we  will  drop  the  contribution 
of  local  amplitude  and  phase  errors  and  devote  our  attention  to  effects 
of  guide  wavenumber  variation.  What,  therefore,  remains  from  Equation 
(26)  is  a reduction  of  the  integral: 

*1 

jj  (x  ',  x^)dx'dx^  (^9) 

X ® 


23 


With  very  little  basis  for  choosing  the  form  of  the  correlation 
coefficient  (x'',  x*)  our  selection  is  somewhat  arbitrary.  In 
general,  however,  we  expect  a form  which  falls  off  with  increasing 
jx^  - x^\ . For  simplicity  we  choose  the  single  parameter  form; 


(x'',  ~ 

g 


(30) 


where  p H correlation  distance. 

Other  choices  are  of  course  possible,  for  example,  the  normal  form 


(x^,  x^) 
g 


^-(X-  - x^')^/p^ 


however,  in  the  final  analysis,  numerlccl  results  do  not  change  appre' 
ciably  with  this  choice.  In  any  event.  Equation  (30)  does  produce  a 
tractable  result.  From  Equation  (29)  and  (30)  we  get 


(31) 


Which  gives  us  the  result; 


f 

72 


2 2 


1 


3-3(’^-Xi)'f'(0,'^)dxdx^ 


(32) 


We  can  If  we  «rlsh  now  reformulate  Equation  (32)  for  the  discrete 
aperture  case  which  yields:* 


jf(0,*)  p - EZ  Vm*  I ^ + e"i®  ■ "M/P  - l]| 

m»-N/2  (33) 

Equation  (33)  assumes  N 1 elements  with  spacing  d.  If  the  element 
strengths  are  symmetric  l.e.,  A * A Equation  (33)  assumes  the  form: 


2Re 


N/L 

z 


m— N/L 


M 

E, 

n— N/L 


^ g-(m  - n)d/p 


A A * exp 
m n 


2 2 


-p  0 


1 


g-jt^(m  - n)d 


(m  - n)d 
P 


(34) 


with  <|'*<|»(0,(l))=k  - ksln0cos(f 

®o 

Several  numerical  examples  using  Equation  (34)  have  been  calculated. 

For  this  purpose  a travelling  wave  antenna  consisting  of  75  elements 

was  chosen.  An  antenna  length  of  L/X  •»  60,  was  chosen  to  yield  a half 

power  beamwldth  of  1°  (this  results  in  an  element  spacing  d/X  = 0.8 

which  eliminates  grating  lobes  for  about  20“  of  scan) . Various  error 

2 2 

variances  and  correlation  lengths  were  Included  from  a X of  .01  to 


*To  simplify  notation  o 


2 

k 


g 


has  been  replaced  by  o . 
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.003  and  p/X  of  ,8  to  <».  The  element  amplitude  themselves  were  chosen 

to  produce  a Taylor  weighting  of  n ■ A with  20dB  sidelobes^^^^ . 

In  Figure  8 for  example,  is  the  error  free  array  pattern  and 
2 2 

results  for  various  a X values  when  the  randomness  of  k is  uncor- 

g 

related  (p/X  ” «>) . We  note  th»  ^ an  Increase  in  the  vaiiance  of  k is 

g 

at  first  accompanied  by  a filling  of  nulls  with  only  slight  effects 

2 2 

in  the  main  lobe  peak.  Larger  values  of  a X tend  to  produce  an 

2 2 

isotropic  pattern.  For  a given  value  of  a X , shown  in  Figure  9,  W2 
find  for  correlated  errors  (p  0)  the  pattern  once  again  approaches 
the  error  free  result. 

B.  Error  Sources 

In  order  to  adequately  interpret  the  results  in  Figures  9 and  10 
we  must  first  characterize  the  error  magnitudes.  Generally  this  is  best 
done  emperically,  however,  some  insight  is  possible  with  the  following 
analysis . 

The  principal  source  of  non-local  errors  is  in  the  statistical 
behavior  of  the  wave  number  k^.  This  is  particularly  true  near  cutoff, 
where  slight  departures  of  design  parameters  have  large  effects  on  the 
guide  wave  number  and  thereby  degrading  effects  on  the  resulting  radi- 
ation pattern.  Tne  guide  wave  number  is  given  by 

kg  = k Jl  - (^/2a)^  (35) 

where 

k = 2tt/X  in  free  space. 
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From  Equation  (35)  we  see  Innedlately  that  errors  In  k can  result 

S 

from  inaccuracies  in  the  broadface  vail  dimension  "a".  For  purposes 
of  calculation  let  us  assume  that  this  broadface  wall  dimension  is  a 
random  variable  unlformally  distributed  about  its  design  value,  a^, 
such  that  in  terms  of  a probability  density  function  we  have 

1 


p(a) 


JL 

2A 


0 


a -A<a<a  +A 
o o 


otherwise 


(36) 


For  the  case  of  standard  waveguide,  A,  corresponds  to  the  design 
tolerance  of  0.003  inches.  In  practice  errovrs  in  the  "a"  dimension 
can  also  result  from  a variety  of  sources  (temperature,  mechanical 
stress,  etc.). 

In  any  event  given  the  pdf  in  Equation  (36)  one  can  by  elementary 

methods  calculate  the  mean  and  variance  of  the  wave  number  k . We 

g 

have  that 


kg  ■=  Jkg(a)  p(a)  da 

and 

0^  = (k  = fkf(a)  p(a)  da  -Tc^ 

» « J g g 


(37) 
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The  resulting  Integrals  can  be  evaluated  and  yield: 


k 

k 


1 

4(A/X) 


u 


1 

4(A/X) 


u + 1/u 


u 


2a 

with  u^  •=  + 2(A/X) 


(38) 


2 2 

The  result  of  forming  the  variance,  a X is  given  in  Kigure  10. 

The  ordinate  is  the  spread  in  the  broadside  dimension,  2A,  measured 
in  terms  of  the  free  space  wavelength  X. 

An  applicable  numerical  example  would  correspond  to  a design 

tolerance  of  + 0.003"  for  standard  X-band  waveguide.  For  this  example 

2A  3 223 

— is  approximately  3x1 O”  which  results  in  a X « 10  for  the  ratios 

of  X/X^  we  are  interested  in.  Figures  8 and  9 indicate  that  distortion 

of  the  antenna  radiation  pattern  occurs  for  this  range  of  error. 


C.  Beam  Pointing  Error 

The  average  radiation  patterns  shown  in  Figures  8 and  9 indicate 

the  effects  of  randomness  in  k on  the  main  lobe  and  side  lobe  levels. 

g 

These  results,  how’ver,  do  not  show  the  effect  of  random  errors  on 
beam  pointing. 
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In  order  to  analyze  this  we  make  a slight  modification  in  our 
approach  by  considering  results  in  the  small  error  limit.  Ve  first 
rewrite  Equation  (17)  in  the  form: 


f A(x)  e-J  f 
I -L/2 


We  define  Ak  so  that  its  mean  value  is  zero 
g 


Ak  H k - k 
g g g 


We  further  consider  the  azimuthal  plane  ^ 0 so  that 


li/  = kg  - ksine  (41) 

(k  = free  space  wave  number). 

We  note  that  Ui  general,  k does  not  correspond  to  the  anticipated 

g 

design  value  which  we  will  denote  by  k^. 

In  terms  of  the  difference 


Ak  = k - kp 


Equation  (41)  becomes 


= k 


Ak 

•; — + sln6  - sln6 
k o 


where,  for  the  no-error  case  we  make  the  definition 


sin0  = - — 
o k 


I 


The  angle  6^  represents  the  direction  of  the  main  bean  when  no 
errors  exist.  For  the  case  where  errors  are  present  the  direction  of 
the  principal  maximum  will  actually  be  at  (and  • Equa- 

tion (A3)  when  rewritten  for  this  special  direction  becomes: 


sine  - sin0  = 't  ('I'  ~ Ak) 

o m k max 


(AA) 


If  we  now  assume  that  A6  = 0 - 6 is  small  we  achieve  the  results 

o m 


A9  “ r (4'  - 

k ^max 


(A5) 


A6 


o =s  (;j;^  + Ak^  - 2Ak  ) 

^ 1 max  max 


An  interpretation  of  Equation  (A5)  depends  on  an  evaluation  of 

— ~2 

the  statistical  quantities  ip  and  which  we  now  proceed  to  de- 

^ max  ’^max  ^ 

velop. 

Feturning  to  Equation  (39),  we  define  the  random  phase  in  the 
Integral  as 


<Kx) 


Ak  (x^)dx'' 
g 


such  that  from  Equation  (AO) 
<{i(x)  = 0. 


(A6) 
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We  assume  that  this  phase  error  Is  small  aiu*,  therefore,  keep 
only  the  leading  terms  of  the  exponential  In  Equation  (39)  resulting  In: 


L/2 

‘ I' 

-L/2 


f('l')  “ j A(x)  e dx 


-.1 


2 

-L/2 
L/2 


A(x)  (^x)  e”^'^*dx 


(47) 


Y J A(x)  (^^(x)  e dx 


-LI  2 

The  radiation  pattern  Is  proportional  to 


fM 


2 ^ 


L/2 


j A(x)  dx  -2 


L-L/2 


L/2 


A(x)A*(Xj^)(Kx)f,in  i|>(x  - Xj^)  dxdx^^ 


-L/2 


L/2 

- JJ  A(x)A*(Xj^)  (J»^(x)  cosi|i(x  - Xj^)  dxdXj^  (48) 
-L/2 


L42 

0 

'l/2 

+ 

I A(x)(j)(x)  cosiJ)xdx 

" + 

1 A(x)(Kx)  sini|(xdx 

-L/2 

.-L/2 

Recognizing  that  for  small  ^(x)  the  principal  maximum  will  not 
be  far  from  i|;  = 0 we  approximate 


sinijix  ->  ij;x 


2 2 

and  cosi|»x  ->  1 - x 

2 
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which  to  second  order  in  yields 


•\t 


A(x)(j»(x)dx  - 


r 2 
J A(x)((i  (x)dx 

° -l72 


"P  2 "P  2 

- \I)I  I A(x)(ji(x)xdx  - J A(x)x  dx 

° -L/2  ° -LYZ 


1/2 

I = I A(x)dx 

° J. 

-L/2 


We  finally  are  in  a position  to  solve  for  which  is  given  by 


the  equation 


Our  result  is 


. 0 

di{) 


L/2 

j A(x)(Ji  (x)xdx 
-L/2 

1-42  2 

2 j A(x)  x^dx 
-L72 
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I 


jj  A(x)A*(x^)  <Kx)  (|>*(x^)  xx^dxdx^ 


■ L/2 

C . 2 

2 

A 

1 A(x)  X dx 

.-L/2 

Taking  averages  we  see  that 


tl)  • 0,  by  virtue  of  Equation  (31),  and  tp  is  proportional 

^max  ■*  max 


to  the  integral  of  the  correlation  function  since 


(Hx)  <(i*(xj^)  « a 


X X, 

f f 

-L/2  -L/2 


^ .-V' - A'<‘ 


This  integral  can  be  evaluated  in  a straightforward  manner  and  for 
the  case  of  N + 1 discrete  elements  provides  the  result: 


N/2 

V A m 
m 

m=-N/2 


2 ^max 


N/2 

M 

’/nd  + L/2\ 

E 

V A A 

m n 

\ P / 

m«-N/2 

n=-N/2 

+ L/2)/p  , 1 nd/p  -L/2p 

- i - — e -e  e 


end/p  -e-^/2P  Ln 


1 ^ f/md  + L/2\  ^ -(md  + L/2)/p  ^ 

2 ■"['  P ^ ' 


m \ p 
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with  the  aid  of  Equations  (47,  48  and  54)  we  are  able  to  evaluate 

2 

the  mean  and  variance  of  the  pointing  angle  error  as  a function  of  o 
and  p.  Actual  numerical  results  tisve  been  done  for  the  75  element 

antenna  previously  described.  Results  are  shown  In  Figures  11  and  12. 

(2A  3 

— w3xl0 

oX  % 3x10  we  find  that  the  average  pointing  error  can  be  expected 

-2 

to  be  very  small.  Figure  12  liuilcates  on  the  order  of  10  degrees 
with  a standard  deviation  of  about  10  ^ degree. 
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SECTION  IV 

SUMMARY  AND  CONCLUSIONS 

This  paper  has  analyzed  several  factors  concerned  with  operating 
a slotted  waveguide  antenna  near  dominant  mode  cutoff.  The  Inherent 
simplicity  of  this  concept  for  narrow  scan  application  can  be  seen  from 
the  basic  scan  equations  developed  In  Section  II. 

The  scan  equations  and  the  design  curve  in  Figure  5 demonstrate 
the  utility  of  operating  near  cutoff  in  a narrow  scan  application. 

Near  cutoff  we  find  that  suitable  steering  can  be  achieved  with  accep- 
table bandwldths. 

The  main  concern  with  operating  near  cutoff  is  the  sensitivity 
of  the  resulting  antenna  pattern  with  design  tolerances.  In  particular 
the  sensitivity  of  guide  wavenumber  with  errors  in  waveguide  dimensions 
poses  an  area  of  concern.  This  question  has  been  analyzed  by  consider- 
ing the  effect  of  a randomly  varying  guide  wavenumber  on  the  antenna 
pattern. 

Theoretical  results  indicate  that  it  is  Indeed  practical  to  operate 
within  1%  to  2%  of  waveguide  cutoff  without  demanding  unreasonable 
design  tolerances.  It  has  been  shown  that  errors  of  a few  thousandths 
of  an  inch  slightly  degrade  the  antenna  pattern.  A more  important 
effect  are  the  errors  in  main  beam  pointing  direction  introduced  by 
guide  wavenumber  errors.  It  is  predicted  that  standard  X-band  wave- 
guide (+  .003"  tolerance)  will  produce  an  r.m.s.  pointing  error  of  0.1^. 
Increasing  waveguide  tolerance  to  + .001"  reduces  this  r.m.s.  error  to 
about  0.05®. 
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It  should  be  noted,  however,  that  the  r.m.s.  pointing  angle 
errors  assume  complete  randomness  of  the  waveguide  dimension  error 
(i.e,,  infinite  correlation  distance).  From  Figure  11  we  see  that 
the  r.m.s.  error  is  reduced  significantly  as  the  correlation  length 
decreases;  a vanishing  correlation  length  corresponds  to  a fixed  bias 
error  with  zero  r.m.s.  error  and  a fixed  pointing  angle  error  given 
by  Figure  11. 

Where  the  theoretical  analysis  presented  has  been  applied  to 
guide  wavenumber  errors  the  analytical  results  can  be  applied  to  more 
general  error  sources.  This  can  be  accomplished  by  determining  t e 
mean  and  variance  of  guide  wavenumber  produced  by  more  general  random 
error  sources  than  those  considered  in  this  work.  It  is  in  this  area 
that  more  work  theoretical  and  emperical  is  needed  to  further  examine 
the  feasibility  of  operating  near  cutoff. 
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Figure  I TPN-19  ANTENNA  SYSTEM  GEOMETRY 
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ITED  SCAN  ANTENNA  CONCEPT 


43.273 


I*  - 43.27S 


Figure  4 SCAN  PARAMETERS 
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Figure  10  GUIDE  WAVE  NUMBER  VARIANCE 
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Figure  12  RMS  POINTING  ANGLE  ERROR 
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